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Abstract We propose a protocol for Alice to implement a multiqubit quantum 
operation from the restricted sets on distant qubits possessed by Bob, and then 
we investigate the communication complexity of the task in different communica- 
tion scenarios. By comparing with the previous work, our protocol works without 
. prior sharing of entanglement, and requires less communication resources than the 

previous protocol in the qubit-transmission scenario. Furthermore, we generalize 
our protocol to d-dimensional operations. 



Keywords Quantum communication • Nonlocal operations • Remote implemen- 
tation • Communication complexity 



C ; PACS 03.67.Lx • 03.67.Hk 



1 Introduction 

Quantum information processing (QIP) usually involves the implementation of 

■ quantum operations between spatially separated qubits. For example, distributed 
, quantum computation requires implementing nonlocal operations on the qubits at 

^\ • distant nodes. This task can always be completed via the so-called bidirectional 

O^l I quantum state teleportation (BQST) [1^. In BQST, all the involved qubits are first 

■ teleported to Alice, and then Alice applies the operation and teleports them back 

. studied how to implement nonlocal operations using prior sharing of entanglement, 

local operations, and classical communication (LOCC), and these researches [Tl[51 
[3lll[5l[§l[Il[l[9l fT0lfTTl[T2l[T3l[Ti] have shown that some special operations on distant 



' Haozhen Situ ■ Daowen Qiu 

5^ ■ Department of Computer Science, Sun Yat-sen University, Guangzhou 510006, China 

E-mail: issqdw@mail.sysu.edu.cn (D. Qiu) 

Daowen Qiu 

SQIG-Instituto de Telecomunicagoes, 1ST, TULisbon, Av. Rovisco Pais 1049-001, Lisbon, 
Portugal 

The State Key Laboratory of Computer Science, Institute of Software, Chinese Academy of 
Sciences, Beijing 100080, China 



2 



Haozhen Situ, Daowen Qiu 



qubits can be implemented by LOCC using less communication resources than 
they are implemented in the BQST scheme. 

Eisert et al P] investigated the minimal communication resources that are 
required in the local implementation of nonlocal quantum gates, and presented 
optimal protocols for a number of important gates using prior sharing of entan- 
glement and LOCC. For example, 1 shared ebit and communication of 1 cbit in 
each direction are both necessary and sufHcient for the nonlocal implementation 
of a controlled-f7 gate; an A''-qubit controlled-?/ gate with A'' — 1 control qubits 
possessed by Bob and 1 target qubit possessed by Alice (denoted as CU{N — 1, 1) 
in the remainder of this paper) can also be implemented using 1 shared ebit and 
communication of 1 cbit in each direction; an A'^-qubit controlled-?/ gate with A'^ — 1 
control qubits and 1 target qubit possessed by A'' spatially separated parties can 
be implemented using A'' — 1 shared ebits and communication of 2(A'' — 1) cbits. 

From another point of view, the task can be completed without prior sharing 
of entanglement as follows: Bob sends his qubits to Alice, and then Alice applies 
the operation and sends them back to Bob. In the case of CU{N — 1,1), a total 
of 2{N — 1) qubits need to be communicated (we assume that U is only known to 
Alice). Can Alice and Bob communicate fewer qubits to complete this task? The 
answer is positive. Yang JJJ proposed a protocol for implementing CU{N — 1, 1) 
without prior sharing of entanglement. The required communication resources are 
1 qubit transmitted from Bob to Alice and 1 cbit transmitted from Alice to Bob. 

Huelga et al ^ showed that there are two restricted sets of one-qubit operations 
that can be implemented remotely using 1 shared ebit and communication of 1 cbit 
in each direction. One of these two restricted sets consists of diagonal operations 
and the other one consists of antidiagonal operations: 



u - r^'"^ Mr/ - r ^'"^^ 

f^diag ~ I Q g-i0 I ' '-^ anti — I _^-i4> Q I ' ^ ' 

Wang ^ generalized these restricted sets to the case of multiqubits, and pro- 
posed a protocol for Alice to implement restrict sets of A''-qubit operations on 
Bob's qubits. Operations belonging to the restricted sets have just one nonzero 
element in any column or any row. Each restricted set is characterized by a permu- 
tation /, and thus an A'^-qubit operation in the restricted set / can be expressed 
as: 

t/(/,</.)= ^ e'^(-V(^))(^l- (2) 

In this paper, we assume that Alice knows U{f,4>) but Bob only knows which 
restricted set / the operation belongs to (i.e. Alice has the device to implement 
U{f,4>) and Bob knows the type of Alice's device. If Bob does not know which 
one of the 2^! restricted sets Alice's device belongs to, Alice should first tell Bob 
this information through classical communication). The required communication 
resources are A^ shared ebits and A^ cbits in each direction. 

By hybridizing the protocol in Ref. 9 and BQST, Zhao et al proposed 
a protocol for Alice to implement restricted sets of (A'' -|- M )-qubit operations 
on Bob's qubits. Operations belonging to the restricted sets are 2^ x 2^ block 
matrices with just one nonzero block in any column or any row, and every block is 
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a 2 X 2 unitary matrix. Each restricted set is characterized by a permutation 
/, and thus an (A'' + M)-qubit operation in the restricted set / can be expressed 
as: 

2"-l 

U{f,G)= J2 \f{^)){^\®G{x), (3) 

x=Q 

where G(a;)'s are arbitrary 2*^ X 2*^ unitary matrices. In this paper, we assume 
that Alice knows U (/, G) but Bob only knows which restricted set / the operation 
belongs to (i.e. Alice has the device to implement U{f, G) and Bob knows the type 
of Alice's device. If Bob does not know which one of the 2^! restricted sets Alice's 
device belongs to, Alice should first tell Bob this information through classical 
communication). To implement U{f,G) on distant N + M qubits possessed by 
Bob, M qubits need to be teleported back and forth between the two parties, and 
the required communication resources are N + 2M shared ebits plus A'' + 2M cbits 
in each direction [12 . If the M qubits that need to be teleported in this hybrid 
protocol are initially possessed by Alice, BQST is unnecessary and the required 
communication resources are N shared ebits plus N cbits in each direction [T3] . If 
M = 0, this hybrid protocol is reduced to the protocol in Ref. [9]. 

Inspired by Yang's work [TF , we study the possibility of implementing U (/, G) 
on distant qubits without prior sharing of entanglement, and consider the required 
communication resources in different communication scenarios. Actually, our pro- 
tocol can complete the same tasks as those in Ref. [5l[9l ll2| [T3| without using prior 
sharing of entanglement. Our protocol requires less communication resources than 
the previous protocol [5l[9l ll2|[T3] in the qubit-transmission scenario. 

The remainder of the paper is organized as follows. In Sect. [2l we propose a 
protocol for implementing U{f,G) on distant qubits. Sect. [3] contains a commu- 
nication complexity analysis of the task in different communication scenarios. In 
Sect.m we generalize our protocol to d-dimensional operations. A brief conclusion 
follows in Sect. (5] 

2 Our protocol 

We first explain how to implement U{f, G) on A'' qubits possessed by Bob and M 
qubits possessed by Alice, and then we explain another two cases. 

In the first case, the initial state of the N -\- M qubits can be written as 

2"-l 

W)b^...BnA^...Am = X! ^3\j)Bt...Bt,\ij)A^...AM, (4) 
j=0 

where subscripts Ai . . . Am {Bi...Bn) denotes Alice's (Bob's) M (N) qubits. 
Our protocol consists of six steps: 

(1) Bob introduces N ancilla qubits C\ . . .Cn initially prepared in the state 
|0)®^, and then performs N controUed-NOT (CNOT) gates with B^ as the control 
qubit and d the target qubit. After this step, the state of the composite system 
becomes 

^ Qjij)Si...S«Ij>Ci...Cjv|^j)Ai...AM- (5) 
3=0 
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(2) Bob sends N qubits Ci . . . Cjv to Alice. 

(3) After receiving the ancilla qubits Ci...Cn, Alice performs U{f,G) on 
qubits Ci . . . CnAi . . . Am- The state of the composite system becomes 

2~-l 

X] aj\j)B,...Bj,\f{j))c,...CMGU)\^j)A,...AM- (6) 

(4) Alice performs a Hadamard transform on each qubit d , and then measures 
Ci in the computational basis. After the Hadamard transform, the state of the 
composite system becomes 

2"-l 2"-l 
= E |fc>C....C. E (-l)-'^'^'Slj>B....B«G(j)[e,>A,...AM, (7) 



^ fc=0 j=0 

where /(j) • fc means the inner product modulo 2 of bit vectors /(j) and k. 

If the measurement result of qubits Ci . . . Cjv is fc = fci...fcjv, the state of 
Bi . . . Bj\rAi . . . Am becomes 

2"-l 
j=0 

(5) Alice informs Bob of the measurement result k by sending A'' cbits. 

(6) Since Bob knows which restricted set / the operation U{f, G) belongs to, 
he can construct a corresponding A-qubit unitary operation 

2^-1 

n/)= E (9) 

x=0 

Bob first performs V(f) on qubits B\ . . . Bn , and then performs CTz = |0) (0| — 

on qubit Bi if and only if fci = 1. The state of qubits B\ . . . B^Ai . . . Am becomes 

2^-1 

(10) 

Thus, U (/, G) has been successfully implemented on qubits B\ . . . BmAi . . . Am- 
The required communication resources are N qubits transmitted from Bob to Al- 
ice in step 2 and A'' cbits transmitted from Alice to Bob in step 5. The protocol 
in Ref. [13 which implements the same operations requires N shared ebits and 
communication of N cbits in each direction. 

In the second case, if all N + M qubits Bi . . . B^Ai . . . Am are initially pos- 
sessed by Bob, he has to send qubits Ai . . . Am together with qubits Ci . . . Cjv 
to Alice in step 2. After performing U{f, G) on qubits Ci . . . CnA\ . . . Am, Alice 
has to send qubits Ai . . . Am back to Bob in step 5. In this case, the required 
communication resources are N + M qubits transmitted from Bob to Alice plus 
M qubits transmitted from Alice to Bob plus N cbits transmitted from Alice to 
Bob. The protocol in Ref. [12] which deals with this case requires A'' + 2M shared 
ebits and communication of A^ -|- 2M cbits in each direction. 
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In the third case, if M = 0, the restricted sets are reduced to U{f, (f>). In this 
case, Alice implements an A''-qubit operation on qubits possessed by Bob. The 
required communication resources are A'^ qubits transmitted from Bob to Alice and 
N cbits transmitted from Alice to Bob. The protocol in Ref. [9J which deals with 
this case requires A' shared ebits and communication of N cbits in each direction. 

3 Communication Complexity Analysis 

In this section, we go on to discuss the communication complexity of implement- 
ing restricted sets of multiqubit operations on distant qubits. In the theory of 
quantum communication complexity, two communication scenarios are often com- 
pared. In the quhit-transmission scenario, introduced by Yao [16| , the parties can 
communicate qubits but are not allowed to share prior entanglement in the ini- 
tialization phase. In the shared- entanglement scenario, introduced by Cleve and 
Buhrman [T7], the parties have an initial supply of shared entanglement but they 
can only communicate classical bits. In this paper, we refer to a protocol as a 
quhit-transmission protocol if it requires (and only requires) transmission of qubits 
and cbits, and refer to a protocol as a shared- entanglement protocol if it requires 
(and only requires) prior sharing of entanglement and transmission of cbits. 

The protocols in Refs. [2l[9l ll2iri3| are shared-entanglement protocols, and the 
required communication resources of these protocols are ebits and cbits, whereas 
the protocol in Ref. [T3] and our protocols are qubit-transmission protocols, and 
the required communication resources of these protocols are qubits and cbits. 
The required communication resources of these two kinds of protocols can not 
be compared directly. They can only be compared in the same communication 
scenario. Any qubit-transmission protocol that requires the transmission of N 
qubits and M cbits can be simulated in the shared-entanglement scenario through 
quantum teleportation [18_ at the cost of N shared ebits and transmission of 
2N -\- M cbits. On the other hand, any shared-entanglement protocol that requires 
N shared ebits and communication of M cbits can be implemented in the qubit- 
transmission scenario at the cost of communication of N qubits and M cbits, 
because one party can prepare a pair of entangled qubits and then transmit one 
of them to distribute 1 shared ebit. Tables [U [2] [3] and [3] summarize the required 
communication resources of these protocols in both scenarios. The term gap is 
defined as the communication resources of the upper protocol minus that of the 
lower protocol. 

Table[T]shows the required communication resources of implementing CU {N — 
1,1) which performs an arbitrary unitary operation on a target qubit possessed by 
Alice with distant A — 1 control qubits possessed by Bob. In the qubit-transmission 
scenario, the protocol in Ref. [I5j can save 1 cbit of communication compared to 
the protocol in Ref. [2 . In the shared-entanglement scenario, the simulation of 
the protocol in Ref. [15] requires 1 more cbit of communication compared to the 
protocol in Ref. 

Table [2] shows the required communication resources of implementing Alice's 
(A" -)- M)-qubit operation on Bob's A' qubits and Alice's M qubits. Our protocol 
can save A' cbits of communication compared to the protocol in Ref. [13 in the 
qubit-transmission scenario. Table [3] shows the required communication resources 
of implementing Alice's (A" + M)-qubit operation on Bob's N + M qubits. Our 
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Table 1 A'^-qubit controlled- f/ operation with Bob's N — I control qubits and Alice's 1 target 
qubit 





Qubit-transmission scenario 


Shared- 


entanglement scenario 




qubits cbits 


ebits 


cbits 


Protocol in Ref. [2] 


1 2 


1 


2 


Protocol in Ref. [15' 


1 1 


1 


3 


Gap 


1 


-1 



Table 2 Alice's (A'' + J\/)-qubit operation on Bob's N qubits and Alice's A/ qubits 





Qubit-transmission scenario 


Shared- 


entanglement scenario 




qubits cbits 


ebits 


cbits 


Protocol in Ref. 13 


N 2N 


N 


2Af 


Our protocol 


N N 


N 


3N 


Gap 


N 


-N 



protocol can save N + AM cbits of communication compared to the protocol in 
Ref. [12] in the qubit-transmission scenario. Table |1] shows the required commu- 
nication resources of implementing Alice's A''-qubit operation on Bob's qubits. 
Our protocol can save N cbits of communication compared to the protocol in 
Ref. [9] in the qubit-transmission scenario. In summary, our protocols requires less 
communication resources than the protocols in Ref. [9l ll2l[T3] implemented in the 
qubit-transmission scenario. 

In the shared-entanglement scenario, the right parts of tables [21 [3] and H] show 
that the simulation of our protocols requires N more cbits of communication com- 
pared to the protocols in Ref. [9l ll2|[T3] . 

Therefore the saving of communicated cbits in our protocols is at least N cbits 
and goes up to A + 4M cbits when Alice's {N + M)-qubit operation needs to be 
implemented on Bob's N + M qubits. More essentially, our protocol has advantage 
because it is a lot easier to transmit qubits than distribute and store entanglement 
pairs. 

Alice's multiqubit operations on Bob's qubits can be implemented without 
prior sharing of entanglement as follows: Bob sends his qubits to Alice, and then 
Alice applies the operation and sends them back to Bob. By using this simple 
method, no auxiliary qubits are used, no additional CNOT and Hadamard oper- 
ations are required, and no classical communications between Alice and Bob are 
needed. However, our method requires fewer qubits to be communicated than this 
simple method. This trade-off between computation and communication in our 
method is analogous to the trade-off between time and space in the field of algo- 
rithm design. Different benefits are required in different situations. Sometimes we 
need an easy-to-implement protocol, and sometimes we need to communicate as 
few qubits as possible. The shared-entanglement protocol in Ref. [13 is fit for the 
parties who already have shared entanglement. The simple method is fit for the 
case where additional quantum operations are undesirable. However, our method 
is fit for the case where we place a high price on communication. 
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Table 3 Alice's {N + A/)-qubit operation on Bob's N + M qubits 





Qubit-transmission scenario 
qubits cbits 


Shared-entanglement scenario 
ebits cbits 


Protocol in Ref. 12 
Our protocol 


N + 2M 2N + iM 
N + 2M N 


N + 2M 2N + 4M 
N + 2M 3N + 4M 


Gap 


N + 4M 


-N 


Table 4 Alice's 7V-qubit operation on Bob's qubits 




Qubit-transmission scenario 
qubits cbits 


Shared-entanglement scenario 
ebits cbits 


Protocol in Ref. [9] 
Our protocol 


N 2N 
N N 


TV 2N 
N 3N 


Gap 


N 


-N 



4 Generalization to d-dimensional operations 

In this section, we generalize the protocol proposed in section 2 to d-dimensional 
operations. The (A'' -|- M)-qadit quantum operation Ud{f, G) can be expressed as: 

C/d(/,G)= \f{x)){x\®G{x), (11) 

where G(a;)'s are arbitrary d^^ x d'^^ unitary matrices. 

Suppose that Alice wants to implement Ud{f, G) on A'' qurfits possessed by Bob 
and M qudits possessed by herself. The initial state of the N + M qudits can be 
written as: 

|¥')bi...B„Ai...Am = X! "jlj')Bi---SNlfj>Ai...ylA,, (12) 

where subscripts Ai . . . Am {Bi...Bn) denotes Alice's (Bob's) M (N) qudits. 
The protocol consists of six steps: 

(1) Bob introduces A'' ancilla qudits Ci . . . Cjv initially prepared in the state 
|0)®^, and then performs A^ generalized controlled-NOT (CNOT) gates [19] 

\x)Bj\y)Aj \x)bj\x - y mod d)Aj (13) 

with Bi as the control qudit and d the target qudit. After this step, the state of 
the composite system becomes 

Y CX]\j) B,...Bf,\j)ci...CN\^3) A,...Am ■ (14) 

(2) Bob sends A'' qudits Ci . . . Cn to Alice. 

(3) After receiving the ancilla qudits C\ . . .Cn , Alice performs Ud{f,G) on 
qudits Ci . . . CnAi . . . Am- The state of the composite system becomes 

aj\j)B,...Bj,\f{j))c,...Ct,G{j)\^j)A,...AM- (15) 

.7=0 
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(4) Alice performs the one-qudit quantum Fourier transform 

d-l 



y=0 



(16) 



on each qudit d, and then measures d in the computational basis. After the 
quantum Fourier transform, the state of the composite system becomes 



1 



d" -1 



d"-i 



C\...C N 



N 



fe=0 



J=0 



(17) 

If the measurement result of qudits Ci . . . Cn is k = ki...kN, the state of qudits 
Bi . . . BnAi . . . Am becomes 



J=0 



(18) 



1=1 



(5) Alice informs Bob of the measurement result k by sending [A''log2 d] cbits. 

(6) Since Bob knows which restricted set / the operation Ud{f,G) belongs to, 
he can construct a corresponding A''-qudit unitary operation 



(19) 



x=0 



Bob first performs Vd(f) on qudits Bi . . . Bjv, and then performs S'^* on qudit Bi 
where 



x=Q 

The state of qudits Bi . . . BnAi . . . Am becomes 



E "jl/0')>Si...-BA-G(j)|Cj)Ai...AM =Ud.{f,G)\ip)B,...BMA,. 



(20) 



(21) 



j=0 



Thus, Ud{f, G) has been successfully implemented on qudits Bi . . . BjvAi . . . Am- 
The required communication resources are A'' qudits transmitted from Bob to Alice 
in step 2 and [A^logj d] cbits transmitted from Alice to Bob in step 5. 



5 Conclusion 

We have considered the implementation of Alice's multiqubit operation from the 
restricted sets [121113] on distant qubits possessed by Bob from a communication 
complexity perspective. The restricted sets are 2^ x 2^ block matrices with just 
one nonzero block in any column or any row, every block of which is a 2^ x 2*^ 
unitary matrix. Protocols for implementing these restricted sets of multiqubit op- 
erations on distant qubits using prior sharing of entanglement have been proposed 
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in Ref. [121113] . Inspired by Yang's work [15] for constructing a nonlocal JV-qubit 
controUed-t/ gate without prior sharing of entanglement, we have proposed a pro- 
tocol to complete the same tasks as those in Ref. [^[^ I121[TB] without prior sharing 
of entanglement. We have shown that our qubit-transmission protocol requires less 
communication resources than the previous shared-entanglement protocols [9l ll2l 
[T3] in the qubit-transmission scenario. Because it is a lot easier to transmit qubits 
than distribute and store entanglement pairs, our protocol has advantage in the 
case that the parties have no prior sharing of entanglement. Furthermore, we have 
generalized our protocol to d-dimensional operations. 
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